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Abstract
We investigate a possible difference between the effective potential
and zero-point energy. We define the zero-point ambiguity (ZPA) as
the difference between these two definitions of vacuum energy. Using
the zeta function technique in order to obtain renormalized quanti-
ties, we show that ZPA vanishes, implying that both of the above
definitions of vacuum energy coincide for a large class of geometries
and a very general potential. In addition, we show explicitly that an
extra term, obtained by E. Myers some years ago for the ZPA, disap-
pears when a scale parameter µ is consistently introduced in all zeta
functions in order to keep them dimensionless.
PACS numbers: 11.10 Gh, 11.90+t, 03.70+k, 02.90
1 Introduction
In modern quantum field theories, the concept and structure of the vacuum
play a very important role. In quantum field theory, the vacuum is a well-
defined quantum state, namely, the ground state of a system of fields. On
the other hand, the evaluation of the vacuum energy gives rise to problems of
divergence. In the case of free fields, in Minkowski space-time, the vacuum
energy is an infinite constant which has no physical meaning because we
can get rid of it consistently, by shifting the energy scale. However, vacuum
fluctuations have been shown to lead to observable effects, such as Lamb
shift, Casimir effect, particle production in strong fields, etc.
Actually, there are several variations on the concept of vacuum energy.
One of the most commonly used procedures to obtain the vacuum energy
is the straightforward evaluation of an infinite sum over eigenvalues of zero-
point energy. Although this sum has the intuitive and useful interpretation
of vacuum energy, in many important problems one often uses the minimum
of the effective potential, obtained from the functional approach to quan-
tum field theory(QFT), as a series in loops (or, equivalently, in h¯). The
effective potential plays a central role in theories with spontaneous symme-
try breaking[1-7], compactification of the extra dimensions in Kaluza-Klein
theory[13], inflationary universe models[14], etc.
In this paper we investigate a possible difference between the effective
potential and zero-point energy. We name this difference as zero-point ambi-
guity(ZPA). Roughly speaking, the zero-point ambiguity arises because the
evaluation of the effective potential, using the zeta function method, implic-
itly removes the divergences whereas, for the zero-point energy, an explicit
renormalization becomes necessary in order to get a finite result. Below, we
calculate explicitly the non-renormalized ZPA and show by using a suitable
prescription for renormalization (Salam-Strathdee[9]) that the renormalized
ZPA vanishes, thus implying that the effective potential coincides with renor-
malized zero-point energy. In our previous work[12] this was shown, explic-
itly, for the particular case of Casimir plates with a general potential. In this
work, our method is more general so that our results are valid for a large class
of geometries or, in other words, the fields we are considering are defined on
an arbitrary smooth submanifold of the Minkowski space-time.
Some years ago E. Myers showed[10] that vacuum energy calculated via
the effective potential could be interpreted like zero-point energy except for
an extra term. As we shall see this extra term arises when the scale parameter
µ is not included in the definition of the generalized zeta function associated
to the Hamiltonian operator for the sum over zero-point energy. Differently
from the ZPA defined above, even after renormalization, Myers’ extra term
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does not vanish and he conclude that for some theories, namely, for those
in which, in our notation, ζm(0) 6= 0, this simple identification between the
two above definitions of vacuum energy breaks down. As noted by Treml[11],
this is a mistake since a consistent inclusion of the scale parameter µ in the
zeta function associated to the zero-point energy, as done, usually, for the
effective potential, leads, not to Myers’ term, but to a null ZPA.
2 Zero-Point Ambiguity
In the functional approach to QFT, the vacuum energy density can be found
by evaluating the minimum of the effective potential [1-7]. The energy den-
sity is a loop expansion (or equivalently in powers of h¯). Roughly, it is
the minimum of the classical potential plus quantum corrections, as is well
known.
For the sake of simplicity let φ(x) be a single real scalar field in an
N-dimensional Minkowski space-time, subject to the potential V (φ). The
minimum of the effective potential, to first order in the loop expansion (or
equivalently in powers of h¯), is given by[1,2]
Vef(φ¯) = Vcl(φ¯) +
1
2
h¯
Ω
ln det
[
δ2S[φ¯]
δφ(x)δφ(y)
]
= Vcl(φ¯) + V
(1)
ef (φ¯), (1)
where φ¯ =< φ > is the classical field, S[φ] is the classical action, Ω = LmT is
the volume of the background space-time manifold. Also N = m+ 1, where
m is the number of spatial dimensions and in the classical potential Vcl(φ)
mass and self-interactions terms are included.
Making the usual analytic continuation to Euclidean space-time [2,4], the
classical action can be written as
S[φ] =
∫
dNx
[
1
2
∂µφ∂µφ+ Vcl(φ)
]
, (2)
where an euclidean summation convention is understood for repeated indexes.
From (2) we get the matrix m(x, y) of the quadratic variation of the action
S[φ]
m(x, y) ≡ δ
2S[φ¯]
δφ(x)δφ(y)
= δ4(x− y)[−δµν∂µ∂ν + V ′′cl (φ¯)]. (3)
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Now, m is a real, elliptic and self-adjoint operator (because of the Euclidean
analytic continuation) and for these kinds of operators we can define the so-
called generalized zeta function. Let {λi} be the eigenvalues of the operator
m(x, y). The generalized zeta function associated to M (x, y) (m → M =
m
2piµ2
) is defined by
ζM (s) =
∑
i
(
λi
2πµ2
)
−s
, (4)
where we have introduced a unknown scale parameter µ, with the dimensions
of (length)−1 or mass, in order to keep the zeta function dimensionless for all
s.
Using the well-known relation [2,8]
ln detM = −dζM (0)
ds
, (5)
the effective potential, to first order in the loop expansion, can be written
V
(1)
ef (φ¯) = −
1
2
h¯
Ω
dζM (0)
ds
. (6)
For most usual cases we can write the eigenvalues of the operator m(x, y)
as
λi,ω = ω
2 + h2i , (7)
where hi are eigenvalues of the Hamiltonian operator H and ω is a continu-
ous parameter labeling the temporal part of the eigenvalues of the operator
m(x, y). This is a important hypothesis for our derivation as was also ob-
served by Myers[10].
The generalized zeta function associated to the operator M (x, y), defined
by (4), can be written, using (7), as
ζM(s) =
∫
∞
−∞
dω
2π
∑
i
[
ω2
2πµ2
+
h2i
2πµ2
]
−s
T. (8)
Using the relation[10]
∫
∞
−∞
(
k2 + A2
)
−s
dmk =
π
m
2 Γ(s−m/2)
Γ(s)
(
A2
)m
2
−s
, (9)
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we can perform the above integral in dω and get
ζM(s) =
1
2
√
π
Γ[s− 1/2]
Γ[s]
ζH(s− 1/2)T, (10)
where ζH(s− 1/2) is the generalized zeta function associated to the Hamil-
tonian operator H and defined by
ζH(s− 1/2) =
∑
i
(
h2i
2πµ2
)1/2−s
. (11)
Another usual definition of vacuum energy (more intuitive than the minimum
of the effective potential) is the sum over eigenvalues of the zero-point energy,
namely
ǫ =
h¯
2Lm
√
2πµ2
∑
i
(
h2i
2πµ2
)1/2
. (12)
Using the generalized zeta function defined in (11) we can rewrite (12) as
ǫ =
h¯
2Lm
√
2πµ2 lim
s→0
[ζH(s− 1/2)]. (13)
The inclusion of scale parameter µ in (12) and (13) is an important step
since now from (6), (10) and (13) we find the relation between the effective
potential and the zero-point energy
Vef(φ¯) = ǫ+ ZPA, (14)
where
ZPA =
h¯
2Lm
√
2πµ2 lim
s→0
[
ψ(s− 1/2)ζH(s− 1/2)
Γ[s]
+
ζ ′H(s− 1/2)
Γ[s]
]
. (15)
The above equation shows that the effective potential, in principle, can
be different from the zero-point energy. This additional term we named
Zero-Point Ambiguity (ZPA). It is, as written in (15), a non-renormalized
quantity. In order to show that the renormalized ZPA vanishes, we can write
ζH(s− 1/2) from (10) as
ζH(s− 1/2) = g(s)Γ[s], (16)
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where g(s) is analytic at s = 0, since ζM(s) is analytic at s = 0.
Substituting the (16) in (15) we obtain for the ZPA
ZPA =
h¯
2Lm
√
2πµ2 lim
s→0
[
ψ(s− 1/2)g(s) + g′(s) + ψ(s)
Γ[s]
g(s)Γ[s]
]
. (17)
A quick glance of the above equation shows that it has a simple pole at
s = 0 in the third term, since Γ(s) has the asymptotic behavior
2
√
πΓ[s]
Γ[s− 1/2] = −
1
s
. (18)
In order to extract the finite part from equation (17) we use the Salam-
Strahdee prescription, that is, we multiply the third term by s and compute
the derivative with respect to s at s = 0 [9]. We get
lim
s→0
[
ψ(s)
Γ[s]
g(s)Γ[s]
]
= −ψ(−1/2)g(0)− g′(0). (19)
Now, from (17) and (19), we easily get the renormalized ZPA, which turns
out to be
ZPAR = 0. (20)
From (14) and (20) we obtain our final result
V Ref = ǫ
R. (21)
Observe that the Salam-Strathdee prescription has provided the necessary
analytic continuation for the ZPA such that the renormalized ZPA vanishes.
3 Myers’ Extra Term and ZPA
In his paper Myers [10] stressed that the vacuum energy density calculated
via an effective potential could be interpreted as the sum over zero-point
energies except for an extra term. When this extra term is zero, both def-
initions of vacuum energy coincide. Now a question arises: Is the ZPA the
Myers’ extra term? The answer is no. Myers’ extra term arises because the
scale parameter µ has not been included in the definition of the generalized
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zeta function associated to the Hamiltonian operator for the sum over ein-
genvalues of zero-point energy. As stressed above, this was already noted
by Treml[11]. As we will soon see, even after renormalization, Myers’ extra
term does not vanish. On the other hand, the ZPA arises when we compare
two terms,namely V
(1)
ef given by (6) and ǫ given by (13). The evaluation
of V
(1)
ef , using the zeta function method implicitly removes the divergences
while for ǫ we must run over an explicit renormalization procedure in order to
eliminate the divergences. The Salam-Strathdee prescription provides such a
renormalization scheme and we get a vanishing renormalized ZPA as shown
in the section 2. The details are as follows below.
As in section 2, we define the difference between the effective potential
and zero-point energy as
δǫ = V
(1)
ef − ǫ¯, (22)
where ǫ¯ is defined as
ǫ¯ =
h¯
2Lm
lim
s→0
[ζh(s− 1/2)], (23)
with
ζh(s− 1/2) =
∑
i
(
h2i
)1/2−s
. (24)
Now, note that, in the above definition, we did not include any scale parame-
ter µ for the zero-point energy, whereas, for the effective potential defined by
(4), we have performed a scaling transformation on the operator m in order
to keep the zeta function dimensionless for all s. Now, it is well-known that
the effective potential in (6) can be written as [8]
V
(1)
ef (φ¯) = −
h¯
2Ω
ζ ′
M
(0) = − h¯
2Ω
ζ ′m(0)−
h¯
2Ω
ζm(0) ln(2πµ
2), (25)
with ζm(s) defined as
ζm(s) =
∑
i
λ−si . (26)
According to (10) we can write
ζm(s) =
1
2
√
π
Γ[s− 1/2]
Γ[s]
ζh(s− 1/2)T . (27)
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Using relation (18), the above equation can be rewritten as
ζh(s− 1/2) = −1
s
ζm(s)
1
T
. (28)
Using (23) and (25) in (22) we find
δǫ = − h¯
2Ω
ζ ′m(0)−
h¯
2Ω
ζm(0) ln(2πµ
2)− h¯
2Lm
lim
s→0
[ζh(s− 1/2)]. (29)
Note that the last term is divergent since it has a simple pole at s = 0, as is
easily seen from (28). Then, the Myers’ non-renormalized extra term reads
δǫ = − h¯
2Ω
ζ ′m(0)−
h¯
2Ω
ζm(0) ln(2πµ
2) +
h¯
2Lm
lim
s→0
[
1
s
ζm(s)]. (30)
In order to renormalize it we use, again, the Salam-Strathdee prescription.
We obtain, easily,
δǫ = − h¯
2Ω
ζm(0) ln(2πµ
2), (31)
which is Myers’ extra term[10]. So, after renormalization, Myers’ extra term
does not vanish and, as Myers observe, only when ζm(0) = 0 the effective
potential coincides with the zero-point energy. But this is not correct since
we must include the scale parameter also in the zeta function associated to
the zero-point energy as we have done in the effective potential in order to
keep it dimensionless. Including the scale parameter we obtain our null ZPA.
To show, explicitly, the relation between the ZPA, (15) and the Myers
extra term, (31), we note that from (11) and (24) we have the relation
ζH(s− 1/2) = (2πµ2)s−1/2ζh(s− 1/2). (32)
Substituting (32) in (15) we get (before taking the limit s→ 0)
ZPA(s) =
h¯
2Ω
2
√
π
Γ(s− 1/2)(2πµ
2)s
[
ζm(s) ln(2πµ
2) + ζ ′m(s)
]
+
+
h¯
2Ω
(2πµ2)s
ψ(s)
Γ(s)
(−1
s
)
ζm(s). (33)
Note that the first term on the right-hand side of above equation is the Myers’
term (when s = 0) and comes from the derivative of ζH(s− 1/2). Note also
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that this term is cancelled, after renormalization of the last term. In other
words, ZPA is a well defined concept, while Myers’ term is not and, in fact,
it does not exist if a scale parameter µ is consistently introduced.
If we fixed the scale parameter, (2πµ = 1), for example, we still can define
a ZPA by using
Vef = − h¯
2Ω
ζ ′m(0), (34)
and
ǫ =
h¯
2Ω
lim
s→0
[ζh(s− 1/2)]. (35)
The ZPA, in this case, is given by
ZPA =
h¯
2Lm
lim
s→0
[
ψ(s− 1/2)ζh(s− 1/2)
Γ[s]
+
ζ ′h(s− 1/2)
Γ[s]
]
. (36)
4 Conclusion
We have shown that, in Minkowski space-time, for a large class of geometries
and for a general potential, the effective potential is equivalent to the sum
over zero-point energy. It is important to note that, for flat space-times,
the renormalization prescriptions above are well-defined, whereas for curved
space-times new ambiguities may appear[15]. Also it would be interesting to
know whether the analysis above can be worked out, using other methods of
regularization, such as dimensional regularization, for example.
In considering Myers’ extra term, we recall that the correct procedure is
to introduce a scale parameter µ into any zeta function in order to keep it
dimensioless for all s. Therefore, we should not consider Myers’ extra term
as a real difference between the effective potential and zero-point energy.
We point out that the result of the equivalence between effective potential
and zero-point energy in this work is more general than our earlier result [12]
because it is valid for a large class of geometries (submanifolds) in Minkowski
space-time as well for a general potential, so that no explicit model must be
considered. Also it is easy to see that our methods are valid for an arbitrary
dimension of the space-time. Finally, it should be noted that our result is
valid for one loop (see eq(s) (6) and (12)). The result for higher order terms
in the loop expansion deserves a further study.
8
5 Acknowledgments
A. Maia thanks Robert Brandenberger, Jose A. S. de Lima and Joao Nunes
for valuable suggestions and the Physics Department at Brown University for
the hospitality and also FAPESP (Sao Paulo Research Foundation- Brazil)
for a Postdoctoral Fellowship. This work was partially supported by FAPESP
and by U.S. Department of Energy under Grant No DE-FG02-91ER-40688,
Task A.
References
[1] L. H. Ryder, Quantum Field Theory, Cambridge University Press, Cam-
bridge (1985).
[2] P. Ramond, Field Theory, A Modern Primer, The Benjamin/Cummings
Publishing Company, Inc., Massachusetts (1981).
[3] R. J. Rivers, Path Integral Methods in Quantum Field Theory, Cam-
bridge University Press, Cambridge (1987).
[4] K. Huang, Quarks Leptons & Gauge Fields, Word Scientific Publishing
Company, Singapore (1982).
[5] J. V. Narlikar and T. Padmanabhan, Gravity, Gauge Theories and
Quantum Cosmology, D. Reidel Publishing Company, Dordrecht (1986).
[6] J. Iliopoulos, C. Itzykson and A. Martin, Rev. Mod. Phys., 47 (1975)
165.
[7] R. Jackiw, Phys. Rev., D 9(6), (1974) 1686.
[8] S. Hawking, Commun. Math. Phys., 55 (1977) 133.
[9] A. Salam and J. Strathdee, Nucl. Phys. B90, (1975) 203.
[10] E. Myers, Phys. Rev. Lett. 54 (1987) 165.
[11] T. Treml, Can. J. Phys., 68 (1990) 91.
[12] J. A. Nogueira and A. Maia Jr., Phys. Lett., B358 (1995) 56.
9
[13] A. Chodos and E. Myers, Phys. Rev. D31, (1985) 3064.
[14] R.H. Brandenberger, Rev. Mod. Phys. 57(1) (1985) 1.
[15] S. K. Blau, M. Visser and A. Wipf, Nucl. Phys. B310 (1988) 163.
10
